In this article, we point out an interesting solution for the dynamics of a racecar in a banked circular track with banking angle well over 90 o . We call this track configuration an Inverted Track, at which a racecar can drive partially upside-down. We
Introduction
A live experience of watching a two-metric-ton-stunt-car performing a loop is truly memorable. It is not like watching a rollercoaster where the carts are strongly attached to the rail. The former impresses more because the stunt car defies gravity while loose from the track. Unfortunately, these loopings are brief. If you blink, you may lose it. However, there is a solution for the dynamics of a stunt car, which can keep it upside-down in a circular track, not for a split second, but indefinitely. This solution is mathematically uncomplicated, yet, it has not been depicted in the literature; not even in movies or games.
There are massive analysis and academic exercises on the minimum velocity necessary to perform a loop, as well as for the dynamics on a banked curve. For example, driving on vertical Wall-of-death and Globes-of-death is an old and common stunt and Some stunt enthusiasts have taken seriously the possibility of an F1 car to drive upside-down in a straight inverted lane [3, 4] . This could be accomplished due to the aerodynamics of the F1 car that pushes it against the track. This stunt becomes more viable if we combine aerodynamic and friction forces on a circular inverted track, as we will discuss in detail. Fig. 1(a) shows an ordinary circular track. As every driver should know, there is a maximum velocity in this track, over which a car skids out of the road. In the track in
The inverted circular track
Fig.1(b), the maximum velocity is severely lessened because the banking angle is negative and the normal force pushes the car outward. Contrarily, if the track is banked inward, as in Fig. 1(c) , pilots can go a lot faster as they do in many speedways [5] . In this case, there may be a minimum velocity (depending on the friction coefficient), under which the car slides down the track. We are interested in analyzing a circular racetrack banked inwards, particularly in angles larger than 90 o , as in Fig. 1(d) . In this case, the vector normal to the track points downward. In this article, we call tracks with banking angles larger than 90 o as inverted tracks.
Solutions for the dynamics in Fig. 1 (a), (b) and (c) are abundant. Most textbooks depict this cases, including the case for =90
o [6, 7] . On the other hand, it is safe to assert that the solution for the inverted track of Fig.1(d) is very difficult to find. Possibly, it was never published. Let's assume that the stunt car circulates counterclockwise and let s=(cos, sin) be a unit vector parallel to the lane pointing left to right from the perspective of the driver as indicated in Fig. 2(a) . The Fr can point either in the direction of s or s depending on the velocity v. There is a velocity v0=(gRtan) where Fr=0. In this case, the racecar needs no help from the friction force to remain in circular motion [7, 8] . If v<v0, the car tends to slide to the left, but it is held by the friction force that points to the right in the s direction, as indicated in Fig. 2 (a). There is a limit vmin, under which the friction cannot hold the car. At this limit, Fr(vmin)=Ns. On the other hand, if v>v0 the car tends to skid to the right, but it is held by the friction that points in the direction s, as in Fig In summary, we have the following conditions valid for all angles:
Fig. 2. Diagram of forces on a car in a banked curve. In (a), the v is low therefore the car tends to slide to the left, so the friction force points to the right. In (b) the v is high;
the car tend to skid to the right, so the friction points to the left.
For a race car to stay on track the resultant force must be the Fc:
The components Nr and Nz can be expressed as (observe Fig. 2 ):
Replacing Eqs.
(1) and (5) in (4) we have for vmax:
Replacing Eqs. (2) and (5) in (4) we have for vmin:
The solutions for vmax and vmin in systems (6) and (7) are: There are asymptotic angles where vmax and vmin tend to infinity. As max, the vmax must be very high for the car to skid out. As   min, the vmin must tend to infinity for the car not to slide. 
Solutions with aerodynamic force
In this section, we analyze the influence of the aerodynamic force A=(Ar,Az) only for the minimum velocity vmin_aero. Fig. 4 shows the forces acting on the car in this case. 
The vector A is then:
With aerodynamics, Eq. (3) becomes 
The solution of Eqs. (13) involves basic algebra, which we will not present here. The result for vmin_aero is:
This solution for vmin_aero is the same as for Eq. (9) except for the third term in the denominator. This term is always positive for the inverted track (90<<180), therefore, vmin_aero<vmin, as expected. (180km/h). Maybe one day this could be tried using unmanned vehicles. 
Experiment
Notice that rotating a cylindrical track with a stunt car resting on the wall is equivalent to the car rotating on a motionless cylindrical track. In both cases, just the static friction is involved between the tires and the track. In our experiment, we take advantage of this equivalence because it is much easier to make the whole track plus the toy to spin than making a functional electric toy car to drive under an inverted track. In the former, it is not even necessary to build the whole track, just a segment large enough to fit the toy. We coated the track segment in sandpaper and the car wheels where coated in soft rubber to get a large friction. The static friction coefficient we obtained was =1.10±0.06. The average and standard deviation are from 15 measurements using a slanted plane technique [12] . The radius of the circumference is Rtoy=30.0±0.5cm from the axis of rotation to the center of mass. With this values, Eq.(9) predicts vmin=3.6±0.3m/s.
Initially, a pair of magnets hold the toy in place as illustrated in Fig. 7(b) . One of the magnets is glued underneath the toy and the other (the contermagnet) is placed behind the track. Then, the wheel is spun by unwinding a string from a spool attached to the spokes.
A gentle pull of the string easily accelerate the toy to velocities greater than vmin, right after the first cycle. At a certain rotation, at about the third cycle, the countermagnet is centrifuged away, so the toy becomes held only by friction. The velocity eventually decays below vmin and the toy falls off. Please watch the video in Ref. [13] showing our experiment. Notice, in Fig. 7(b) , that we use a tube perpendicular to the track to house the countermagnet. This tube is important to guide the countermagnet straight outward.
Otherwise, the countermagnet skids down the back of the platform, dragging the toy with it. Conveniently, the tube can accommodate a spacer to increase the distance between the magnet-countermagnet pair, so that the rotation speed needed to separate them can be adjusted. A third magnet (stopper) at the end of the tube holds the centrifuged countermagnet.
From the video, we can infer the velocity of the toy when it falls off the track. There are 138±1 frames in the last turn. Each turn takes 1s/240, so the velocity measured is vmin_exp=3.28±0.06m/s, which is exactly the value predicted using Eq. (9). 6. Viability of making this stunt to happen for real. We suggest a circular track instead, as illustrated in Fig. 8(a) . We believe this concept is more advantageous for the following reasons:
 Since the circular track does not end, it allows the pilot to patiently transition from the upside-right to the upside-down positions little by little (See Fig.   8b ).
 It should be safer because the car is permanently being centrifuged. So, if the velocity ever drops below vmin_aero, the pilot won't just plummet head first. If something goes wrong, the car is expected to skids toward lower inclinations until it recovers the grip to the track. 
Conclusions
We have presented a solution for a rather simple and interesting academic problem.
This solution predicts the minimum velocity necessary to perform a counterintuitive stunt, in which a racecar can drive upside-down indefinitely in a circular inverted track. If the solution involves aerodynamic down-forces (as most racecars generates), the minimum velocity to stay upside-down decreases a lot. If an inverted track is ever built for this stunt, as some people seriously consider, we recommend the circular inverted track instead of a straight track. The circular track should be safer and more impressive, since the driver can stay upside-down for a long time.
